In this paper, we study the nonhomogeneous second order differential equation of Cauchy-Euler equation with a bulge function. The reduction of order and Taylor series expansion of a bulge function are used to obtain the general solution.
Introduction
There are more than one method to solve the Cauchy-Euler equation such as the Laplace transform and the method of reduction of order. H. Kim [2] applied the Laplace transform to find the solution of a homogeneous Cauchy-Euler equation of the second order ODE. The research is to make an application to its difference equation and oscillation. M. S. Abualrub [3] found a special case of a non-homogenous linear Euler-Cauchy ODE. In this paper, we study the nonhomogeneous second order differential equation of Cauchy-Euler equation with a bulge function by using the reduction of order.
Preliminaries
We begin our study by giving out the method of reduction of order, the CauchyEuler equation and the Taylor series expansion which can be used in this study. The method of reduction of order [1] . We consider the second order equation
on an open interval I on which P and Q are continuous. Suppose that we know one solution y 1 of equation (1). There exist a second linearly independent solution y 2 for which y 2 = u(x)y 1 . We begin by substituting this expression in equation (1), using derivatives
We have
By rearranging equation (3), we derive
Since y 1 is a solution of equation (1), the bracketed expression in the above equation vanishes. It leaves the equation to
If we write v = u , then v = u and assume that y 1 never vanishes on the interval, then equation (5) becomes
The Cauchy-Euler equation.
[1] An equation of the form
is called the Cauchy-Euler equation. It is also known as Euler equation and as the equidimensional equation. In this study, we study the nonhomogeneous second order differential equation of Cauchy-Euler equation with a bulge function in the form ζ 2 y + aζy + by = e
The Taylor series expansion of e
is of the form 
where a, b are constants, l is a positive constant, and y(ζ) is unknown function can be expressed by
Proof. Suppose that one of the solutions of the above equation is y 1 = 1/ζ. By the reduction of order method, we suppose the second solution of the above solution is y 2 = y 1 u(ζ) = 
with the condition b − a + 2 = 0, equation (11) yields
Let v = u , then v = u . Substituting to equation (12), we have
which is the linear first-order equation such that P (ζ) = on an interval on which the coefficient functions P (ζ) and Q(ζ) are continuous. 
Conclusion
In this paper, we study the nonhomogeneous second order differential equation of Cauchy-Euler equation with a bulge function which is denoted by f (ζ) =
where l is a positive constant. H. Kim [2] found the solution of EulerCauchy equation expressed by differential operator of homogeneous second order differential equation using Laplace transform. For this study, we use the method of the reduction of order to solve the nonhomogeneous second order differential equation of Cauchy-Euler equation with a bulge function. We apply the Taylor series expansion to the bulge function to obtain the solution.
